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For composite complexes — quasi-two-dimensional (2D) cliarged magneto-excitons X~ — we 
propose a new exact classification of states, which is based on magnetic translations. We consider 
implications of this symmetry for magneto-optical transitions. It is shown, in particular, that in a 
translationally-invariant system with a simple valence band, the ground triplet state is dark in 
interband transitions at finite magnetic fields B. This exact result calls for the re-interpretation of 
several previous theoretical studies. We consider the symmetry-breaking effects of spatial lateral 
confinement on internal transitions of charged complexes. 



Recently, there has been considerable experimental 
and theoretical interest in charged excitons X~ and X+ 
in magnetic fields B in 2D systems. Experimentally, 
magneto-optical interband and, more recently, intra- 
band internal j^] transitions of charged excitons have 
been studied. Theoretically, the binding of charged ex- 
citons X~ has been considered in quantum dots ||^,|^, in 
a strictly-2D system in the high-magnetic field limit 
and in realistic quantum wells (Q W's) at finite i? |^ . In 
all these theoretical works on charged excitons, the ex- 
isting exact symmetry — magnetic translations — has 
not been identified. Some implications of this symmetry 
for internal transitions of charged complexes have been 
indicated recently in The aim of the present work 

is to establish and describe in some detail the underlying 
hidden symmetry and reveal its striking manifestations 
in interband and intraband magneto-optical transitions. 

We consider a system of interacting particles of charges 
ej in a magnetic field B = (0, 0, B) described by the 
Hamiltonian 



H 



(1) 



here TTj = —iKVj — ^A{rj) is the kinematic momentum 
operator of the j-th particle in B and Uij are the poten- 
tials of interactions that can be rather arbitrary. Dynam- 
ical symmetries of (|l|) are the following. In the symmetric 
gauge A = iB X r, there is the axial symmetry about 

the z-axis [H,Lz] = 0, where — ^ —i^^j)z- 

Therefore, the total angular momentum projection M2, 
an eigenvalue of Lz, is a good quantum number. In 
a uniform B, the Hamiltonian (|l|) is also invariant un- 
der a group of magnetic translations whose generators 
are the components of the operator K = Kj , where 

Kj — TTj — —Yj X B (see, e.g., B). K is the exact integral 



of the motion: [iJ, K] — 0. The components of K and 
TT = TTj commute in B as 



fiB 



] = ~l — Q , Q^Y.^J: (2) 



while [Kp,T^q] — 0, p^q = x,y. For neutral complexes 
(atoms, excitons, biexcitons) Q — 0, and classification of 
states in B are due to the continuous two-component vec- 
tor — the 2D magnetic momentum K = [K^^Ky). For 
charged systems the components of K cannot be observed 
simultaneously. This determines the macroscopic Lan- 
dau degeneracy of exact eigenstates of (|^) . For a dimen- 
sionless operator k = ^/c/2hB\Q\ K we have [kx , ky] = 
-iQ/\Q\. Therefore, k± = {k^±iky)/V^ are Bose rais- 



ing and lowering ladder operators: [fc+,fc_] 



-Q/\Q\- 



It follows then that = fc+fc_ + fc_fc+ has discrete os- 
cillator eigenvalues 2fc-|- 1, A: = 0, 1, . . .. Since [k^, H] = 
and [k^,iz] — 0, the exact charged eigenstates of (Q), 
in addition to the electron and hole spin quan- 
tum numbers, can be simultaneously labeled by the dis- 
crete quantum numbers k and M^- The labelling there- 
fore is \kMzSeShi^)^ where v is a "principal" quantum 
number, which can be discrete (bound states) or con- 
tinuous (unbound states forming a continuum) The 
k = states are Parent States (PS's) within a degen- 
erate manifold. All other daughter states in each i^-th 
family are generated out of the PS iteratively: for Q < 
\k,Mz-k,SeShu) = {k-f%Mz,S,Shy)/Vk\. 

It is interesting to consider the following question: is it 
possible to construct a complete orthonormal basis with 
simultaneously fixed quantum numbers and k (and 
Se, Sh)^ The answer is positive. Let us demonstrate this 
on the example of the charged exciton . The basis 
for the X~ with fixed values of and Se is of the form 
|||,|| (/)lfmi (re) <j)itlm2 (R-e) ^^NhMh ('''i) ^'^'^ includes differ- 
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ent three-particle 2e-h states such that the total angular 
momentum projection = ni+n2 — mi — m2 — Nh+Mh 
is fixed. Here 0™ ^ are the e- and h- single-particle fac- 
tored wave functions in B, n is the Landau-level (LL) 
quantum number, and m the oscillator quantum number 
V^ze(h) — (^) {""^ ~ We use the electron relative and 
center-of-mass (CM) coordinates: = (rgi — re2)/\/2 
and Re = (rei -I- ) / %/2. Permutational symmetry 
requires that for electrons in the spin-singlet S'e = 1 
(triplet Sh — ^) state the relative motion angular mo- 
mentum 7ii — mi should be even (odd). This basis 
complies with the axial symmetry about the z-axis and 
the permutational symmetry. To make it compatible 
with magnetic translations we shall perform a unitary 
transformation. To this end we introduce the intra- 
LL ladder operators _B| and b]^ (see, e.g., [|j), corre- 
sponding to the Re and degrees of freedom, respec- 
tively, and perform Bogoliubov canonical transforma- 
tions Bl Bl = S'BtS't = uBl + vBh, bI bI = 
SbIs^ = uBI + vBe, where S = exp{e(Be-B,, - B^S|)} 
and u ~ chO, v — sh8. Choosing th0 — 1/^/2 we 
make = 2B\Be + 1 diagonal in B\. Therefore, us- 
ing transformed operators B\ and operating on the 
new vacuum |0) = S\Q) = (chO)"! exp{-^the bJ;s|}|0) 
solves this problem. For a system of electrons and Nh 
holes (with, e.g., Nf. > Nh), the analogous transforma- 
tion should involve the intra-LL e- and h- CM operators 
Bl and Bh with the = ^Nh/N^. 

Let us discuss now magneto-optical transitions of 
charged complexes. In the dipole approximation the 
photon momentum is negligibly small. Therefore, the 
quantum number k should be conserved in intra- 
and intcr-band magneto-optical transitions. Let us es- 
tablish this selection rule more formally. For internal 
intraband transitions the Hamiltonian of the interaction 
with the radiation of polarization cr* is of the form 
J2j ^j'^^f /"i^jj where tt^ = tTj^ ± iTTjy. Conser- 
vation of k follows from the commutativity [V^ , K] — 0. 
Other selection rules in this case are conservation of spins 
and AMz = ±1 in the polarization for the envelope 
function. For interband transitions the interaction with 
the radiation field is described by the luminescence op- 
erator C = pcv /rfr ^i(r)^jj(r) -I- H.c, where Pcv is the 
momentum interband matrix element. Conservation of 
k follows from [£, K] = 0. Other selection rules for this 
case are conservation of spins and AM^ = in the cr* 
polarization for the envelope function (the Bloch parts 
change according to Aniz = ±1). Conservation of k con- 
stitutes a new exact selection rule. It can be formulated 
in a simple verbal way: Parents can talk only to parents, 
while daughters talk to daughters if and only if their par- 
ents do talk. 

Let us consider implications of this selection rule for 
the interband transition — photoluminescence from the 



triplet ground state Xj~ ^ e~ + hv with the emission of 
the photon and the electron in the n-th LL in the final 
state. It turns out that simultaneous conservation of 
and k in this transition makes it strictly prohibited: It is 
now well established [QHJ^ that the triplet ground 
PS with A; = has = -1 at finite B > 8T and in 
quasi-2D QW's. On the other hand, an electron in the 
rt-th LL, e~, has Mz = n — k (the oscillator quantum 
number m — k). We see that Ak ~ 0, AMz — can- 
not be satisfied for transition to any electron LL n if the 
PS has Mz < 0. This means that the ground triplet 
state X^T is optically dark in interband transitions (note 
that the singlet ground state X~ has Mz = and is 
optically active). In the 2D high-B limit this also fol- 
lows Q from the so called "hidden symmetry" in e-h 
systems We stress that our result is much more 

general. Indeed, quasi-2D effects, e-h asymmetry, ad- 
mixture of higher LL's (finite i3-effects) break neither 
axial nor translational symmetry. Therefore, even in the 
presence of these effects, the triplet stays dark — as long 
as the ground X^ PS has Mz < 0. This exact result 
calls for re-interpretation of several previous theoretical 
works on optical properties of the triplet X^ ground state 
iQ-^ . Very small but finite oscillator strengths of the Xj~ 
ground state obtained should in fact be considered 
as artifacts coming from the finite-size effects and/or in- 
accuracy in numerics. Large oscillator strengths of the 
unconfined X^ ground state with Mz < Q is not com- 
patible with the exact selection rule and is an error. On 
the other hand, finite and large oscillator strengths of the 
spatially confined X^ ground state |^ (see also |^) re- 
sults from the breaking of translational invariance. The 
question now remains why in fact the Xf^ ground state is 
visible in experiment. One of the possibilities is localiza- 
tion of charged excitons in real samples. This would im- 
ply that the oscillator strength of the triplet ground state 
should vary from sample to sample. Another possibility 
comes from intrinsic effects and is associated with the 
complex character of the valence band. Finally, the rear- 
rangement of the ground X^ state with decreasing B can 
in principle occur: with decreasing separation between 
LL's the ground X^ state could jump from Mz = — 1 to 
Mz = 0. This would imply that (1) there exist some crit- 
ical field Be above which the Xi state abruptly becomes 
dark, and (2) the experimental situation corresponds to 
B < Be- Numerical calculations suggest that the latter 
scenario appears not to be very plausible. More theoret- 
ical work is needed to clarify the situation here. 

We turn now to intraband transitions of charged 
magneto-excitons. Such transitions in translationally in- 
variant systems are discussed theoretically in ||^, where 
also experimental results for bound-to-continuum transi- 
tions are reported and comparison between theory and 
experiment is made. It was shown that the bound- 
to-bound transition from the triplet ground state to 
a more stronger bound state associated with the next 
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Fig. 1. Internal intraband transitions from the triplet 
X^g ground state in the presence of parabolic lateral con- 
finement parametrized by lengths le ~ Ih = Ic.h- Strictly 
2D system in the high-_B limit is considered. Two cases 
of lateral confinement /s/^c,h = O.f and Ib /lc,\-i ~ 0.5 are 
shown; Ib ~ (hc/eB)^^^ . Energies are given in units of 
-Bo — ^ -K 12 /elB relative to the confinement- renormalized 
e-CR energy shown by vertical arrow. Vertical arrows 1 and 2 
correspond, for the weak-confinement regime Ib/Ic,\i ~ O.f, to 
the bound-to-continuum transitions discussed in unconfined 
systems in [^,^. 

electron LL, Xtao ^ Xtio, is prohibited. Indeed the 
Xtoo PS has Af^ = -1, while the Xno PS has M, = 1, 
so that the usual selection rule AM^ = ±1 cannot be 
satisfied. It is interesting to study how localization of 
charged excitons breaks translational invariance and re- 
laxes the A:-conservation rule. We model localization by 
the in-plane lateral spatial confinement, which is assumed 
parabolic for electrons and holes 14 = \'me^1{x1 + v1), 
Vfi = \mhijjf^{x\ + y\) with characteristic lengths le = 
{h/2mf.u!eY^'^ and Ih = (h/2mhUJh)^^'^ , chosen such that 
le — Ifi = lc,h This model of confinement has been previ- 
ously considered for neutral Q and charged ||J^ mag- 
netoexcitons. Here we present results for a strictly-2D 
situation in the limit of high magnetic fields (no Lan- 
dau level mixing). The spectra of internal transitions 
from the triplet ground state Xtoo to states in the next 
electron LL for two regimes of lateral confinement are 
shown in Fig. 1. Energies in Fig. 1 are given rela- 
tive to the confinement-renormalized electron cyclotron- 
resonance (e-CR) hCOcc = fli^cc + {lB/le,\iY + /2, 

Ib = {hc/eBy/^. In the regime of weak confinement 
^s/^o.h = 0.1 the spectra practically reproduce the un- 
confined 2D case 0. For the intermediate confinement 
Ib/Ic,\i = 0.5 the bound-to-bound Xjqo ~^ ^tio transi- 
tion, which is prohibited in translationally-invariant sys- 
tems, develops helow the e-CR. Development of such peak 



is a tell-tale mark of localization of charged triplet exci- 
tons. 

In conclusion, wc have studied the exact symmetry — 
magnetic translations — for charged excitons in B and 
established its consequences for interband and intraband 
optical transitions. In particular, we have shown that in 
translationally invariant quasi-2D system with a simple 
valence band the triplet ground state X^ is dark in intra- 
band transitions at finite fields B. We have shown that 
in the presence of symmetry-breaking effects the intra- 
band bound-to-bound triplet transition develops below 
the electron cyclotron resonance. This suggests a method 
of studying localization of charged excitons. 
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